Abstract. We investigate asymptotic properties of mild solutions of the inhomogeneous nonautonomous evolution equation d dt u(t) = (A+B(t))u(t)+f(t); t 2 R, where (A; D(A)) is a Hille-Yosida operator on a Banach space X, B(t), t 2 R, is a family of operators in L(D(A); X) satisfying certain boundedness and measurability conditions, and f 2 L 1 loc (R; X). The mild solutions of the corresponding homogeneous problem are represented by an evolution family (UB(t; s)) t s . For various function spaces F we derive conditions on (UB(t; s)) t s and f which ensure the existence of a unique mild solution u contained in F. In particular, if (UB(t; s)) t s is p-periodic and f is bounded there is a unique bounded mild solution u subject to certain spectral assumptions on UB(p; 0), f, and u. We apply our results to discuss asymptotic properties of nonautonomous retarded di erential equations. For certain p-periodic retarded di erential equations we derive a characteristic equation which makes it easier to verify the spectral conditions on the operator UB(p; 0).
is well-posed in the sense that the solutions of (NP ) 0 de ne a uniquely determined evolution family (U(t; s)) t s of bounded operators on X. In that case solutions u : R ! X of the integral equation for each f 2 C b (R; X) resp. C 0 (R; X) equation (INP ) 0 f has a unique mild solution u 2 C b (R; X) resp. C 0 (R; X) if and only if the evolution family (U(t; s)) t s has an exponential dichotomy (see also 10] , 24] when the operators A(t); t 2 R, are bounded).
For a detailed account of the numerous other results in this direction we refer to 22] and 7]. Now assume that equation (NP ) 0 is p-periodic, i.e., A(t + p) = A(t); t 2 R. It has been shown in 30] , 19] , 27], 6] that under a certain spectral condition (nonresonance condition) on the monodromy operator U(p; 0) and the inhomogeneity f there is a pperiodic resp. almost periodic mild solution of (INP ) 0 f provided that f has the same property. Moreover, u is unique subject to certain spectral assumptions. If (U(t; s)) t s has an exponential dichotomy, then the nonresonance condition is always satis ed and we obtain existence and uniqueness of a p-periodic resp. almost periodic mild solution of (INP ) 0 f for every p-periodic resp. almost periodic inhomogeneity f. We point out that in 11], 31] related results are discussed for Volterra equations (see also 32] ).
In the present paper we study the equation
dt u(t) = (A + B(t))u(t) + f(t); t 2 R; where (A; D(A)) is a Hille-Yosida operator on the Banach space X, B(t); t 2 R, is a family of operators in L(D(A); X), and f 2 L 1 loc (R; X). We stress that, in general, X 0 = D(A) is a proper subspace of X from which the main di culties arise. Our approach is based on the theory of extrapolation spaces associated with the operator A (see Section 2 and 26] ). In particular, it is used in our de nition of mild solutions of (INP ) f . Moreover, it allows to show that under a certain boundedness and measurability condition on the family B(t); t 2 R, there is a (unique) evolution family (U B (t; s)) t s on X 0 associated with the homogeneous equation (NP ) d dt u(t) = (A + B(t))u(t); t 2 R (cf. 9], 33]). The evolution family (U B (t; s)) t s is used to derive another representation of the mild solutions of (INP ) f (see Theorem 2.2). This representation is crucial for the investigations in Section 3. There we extend the above-mentioned results on the existence and uniqueness of mild solutions of (INP ) 0 f satisfying a particular asymptotic behavior to mild solutions of (INP ) f . We point out that in the autonomous case, i.e., B(t) = B, similar results are obtained in 2] . In Section 4 we discuss asymptotic properties of mild solutions of the semilinear nonautonomous equation (SNP ) d dt u(t) = (A + B(t))u(t) + F(t; u(t)); t 2 R; where the nonlinearity F : R X 0 ! X satis es a standard Lipschitz condition. In Section 5 the advantage of our approach becomes visible when we study inhomogeneous nonautonomous retarded di erential equations (RINP ) h d dt w(t) = Cw(t) + K(t)w t + h(t); t 2 R; on a Banach space Y . A standard procedure (see e.g. 16] , 33] , 40]) allows to transform (RINP ) h into an equation of the form (INP ) f on a di erent Banach space. Now the results of Section 3 can be applied to investigate asymptotic properties of mild solutions of (RINP ) h . For a special periodic retarded di erential equation we derive a characteristic equation which makes it easier to verify the spectral conditions in our results (see Theorem 5.9). We point out that in nite dimensions asymptotic properties of solutions of inhomogeneous retarded di erential equations have been studied in 38] under the assumption that the corresponding homogeneous equation admits an exponential dichotomy (see also 17, Section 6.6.2], 29]). Finally, we refer to 36], 34] and the references therein for other results on asymptotic behaviour of (nonlinear) retarded di erential equations.
Mild Solutions and Extrapolation Spaces
We rst recall some properties of Hille-Yosida operators and extrapolation spaces. For more details we refer to 26] and the references therein. Throughout the whole paper X denotes a Banach space and (A; D(A)) is a Hille-Yosida operator on X, i.e., A is linear and the resolvent set (A) of A contains a half-line (!; 1) 
has relatively compact range. In fact, x > 0. There exists = s n > 0 for an n 2 N and a function g : R ! X such that g is constant on each interval k ; (k + 1) ); k 2 Z, the range of g is contained in a nite set K X, and kf ? gk 1 Thus the range of is contained in K 0 + Ns B X 0 , where B X 0 denotes the closed unit ball of X 0 . In particular, the range of is totally bounded, which proves the claim.
Since has relatively compact range we obtain 
Another application of Theorem 2.2 establishes the result. 7 
Asymptotic properties of solutions of inhomogeneous equations
In this section we discuss conditions on the evolution family (U B (t; s)) t s and the inhomogeneity f 2 L 1 loc (R; X) which ensure that (INP ) f has a (unique) mild solution u with a prescribed asymptotic behavior. For the rest of the paper we impose the following condition on the perturbation (B(t)) t2R .
(B) kB( )k b( ) for some b 2 L 1 loc;u (R). Note that (B) implies exponential boundedness of the evolution family (U B (t; s)) t s (see (2.4) is strongly continuous for t s. The existence of an exponential dichotomy for the evolution family (U(t; s)) t s on the Banach space Z allows to connect asymptotic properties of the solution u( ; f) 2 C(R; Z) of the integral equation u(t; f) = U(t; s)u(s; f) + We will show a corresponding result on asymptotic properties of the mild solutions of the inhomogeneous equation (INP ) f . We stress that in our case the evolution family (U B (t; s)) t s given by equation (2.3) consists of operators on the Banach space X 0 whereas the inhomogeneity f has values in the larger space X. The following lemma plays a central role. By L 1 loc;u (R; X) we denote the space of uniformly locally integrable functions from R into X equipped with the norm kfk 1;loc;u = sup t2R R t t?1 kf( )k d . 8 Lemma 3.4. Assume that (U B (t; s)) t s has an exponential dichotomy with constants > 0, L 1, and projections (P B (t)) t 0 . For f 2 L 1 loc;u (R; X) and > ! de ne u ( ; f) 2 C(R; X 0 ) by
where (? B (t; s)) (t;s)2R 2 is the Green's operator function corresponding to (U B (t; s)) t s .
Then:
(i) ku ( ; f)k Ckfk 1;loc;u for a constant C independent of ! + 1 and f.
(ii) (u ( ; f)) is uniformly convergent on compact intervals in R as ! 1. (iii) If f 2 BUC r (R; X), then (u ( ; f)) is uniformly convergent on R as ! 1. Proof. Let Q B (t) = Id?P B (t); t 2 R. Since (U B (t; s)) t s has an exponential dichotomy and A is a Hille-Yosida operator we obtain for t 2 R and ! + 1 Since C b (R; X) L 1 loc;u (R; X) the implication (ii) ) (iii) is obvious.
(iii) ) (iv): From the de nition of a mild solution it follows immediately that the operator G assigning to each f 2 C b (R; X) the unique mild solution u = u( ; f) 2 C b (R; X 0 ) of (INP ) f is closed. Hence, G is bounded. Now let f 2 C 0 (R; X). We have to show that also u( ; f) 2 C 0 (R; X). Let n 2 N and choose t n > n such that sup jtj>tn?n kf(t)k < 1 n . For jtj > t n choose t 2 C 1 (R) such that 0 t 1, t (t) = 1, supp t t ? n; t + n], and k 0 t k 2 n . By Lemma 2.6, G( 0 t u + t f) = t u. Hence k t uk 1 kGkk 0 t u + t fk 1 n ?1 kGk(2kuk 1 + 1): In particular, ku(t)k = k t (t)u(t)k n ?1 kGk(2kuk 1 + 1) for jtj > t n . Hence u 2 C 0 (R; X 0 ). Since C 0 (R; X 0 ) C 0 (R; X) implication (iv) ) (i) follows from Theorem 3.3. Remark 3.6. The arguments in the proof of (iii) ) (iv) can be used to simplify parts of the proof of 22, Theorem 2.1] considerably. Now we assume that the evolution family (U B (t; s)) t s is p-periodic, in the sense that there exists p > 0 such that U B (t + p; s + p) = U B (t; s) for t s. From formula (2.3) we see that (U B (t; s)) t s is p-periodic provided that t 7 ! B(t) is p-periodic, i.e., B(t) = B(t + p). We call U B (p; 0) the monodromy operator of the evolution family (U B (t; s)) t s . On C(R; X 0 ) we de ne the operator T by Th(t) = U B (t; t ? p)h(t ? p); h 2 C ( R; X 0 ); t 2 R: Moreover, we set
We obtain the following extension of 6, Theorem Since f 2 BUC r (R; X) Proposition 2.5 implies that w(t) = lim !1 w (t) exists uniformly for t in R. From (3.9) we obtain (Id ? T jN )u = w ; > !. In particular, w 2 N for > !, and u = (Id ?T jN ) ?1 w converges uniformly to u = (Id ?T jN ) ?1 w 2 N as ! 1. From Theorem 2.2 and the fact that each u is a mild solution of (INP ) f it follows that the limit function u is a mild solution of (INP ) f . Moreover, since each u has relatively compact range also u has relatively compact range. This completes the proof.
Recall that a function h 2 BUC(R; Z) is almost periodic if the set of translates fh( +t) : t 2 Rg is relatively compact in BUC(R; Z). By AP(R; Z) we denote the space of almost periodic, Z-valued functions. Theorem 3.7 has the following immediate consequence (cf. 6, Corollary 3.9]). Corollary 3.8. Assume that (U B (t; s)) t s is p-periodic. Let f 2 AP(R; X), and suppose that (U B (p; 0)) \ fe i p : 2 sp(f)g = ;. Then there is a unique u 2 C b (R; X 0 ) such that u is a mild solution of (INP ) f and sp(u) p (f). Moreover, u 2 AP(R; X 0 ). Let S 1 = f 2 C : j j = 1g be the unit circle. Corollary 3.9. If the evolution family (U B (t; s)) t s is p-periodic, then the following assertions are equivalent. 1 (U B (p; 0) ).
(i) S
(ii) For every f 2 AP(R; X) there is a unique mild solution u 2 AP(R; X 0 ) of (INP ) f . Proof. Note that (i) is equivalent to the existence of an exponential dichotomy for The following conditions will be needed.
(H1) The evolution family (U B (t; s)) t s has an exponential dichotomy with constants > 0, L 1, and projections (P B (t)) t2R , and l < 2LC , where C = sup t2R sup >! fk P B (t)R( ; A)k; k (Id ? P B (t))R( ; A)kg < 1. (H2) The evolution family (U B (t; s)) t s is p-periodic, 1 2 (U B (p; 0)), and l < (CpC) ? Theorem 3.5 implies that u is the unique mild solution of (SNP ) contained in C b (R; X 0 ).
In the same way the following two results can be derived from Theorem 3.5 and Corollary 3.9, respectively. Proposition 4.3. Assume that condition (H1) holds and that lim t! 1 F(t; y) = 0 uniformly for y in compact sets in X 0 . Then there exists exactly one mild solution u 2 C 0 (R; X 0 ) of (SNP ). Proposition 4.4. Assume that condition (H1) holds and that the evolution family (U B (t; s)) t s is p-periodic. If F( ; x) is almost periodic uniformly for x in compact sets in X 0 , i.e. for every compact set K in X 0 and every sequence (t n ) in R there is a subsequence (s n ) of (t n ) such that (F (t+s n ; x)) converges uniformly for (t; x) in R K, then there is exactly one mild solution u 2 AP(R; X 0 ) of (SNP ).
The following result is the semilinear version of Corollary 3.10.
Theorem 4.5. Assume that condition (H2) holds and that F(t + p; x) = F(t; x) for every t 2 R and every x 2 X 0 . Then there exists exactly one mild solution u 2 P p (R; X 0 ) of (SNP ). 
By Corollary 3.10, there is a unique mild solution u 2 P p (R; X 0 ) of (INP ) F ( ;v( )) . The representation of u obtained in Remark 3.11 shows that u = v, and hence v is a mild solution of (SNP ). On the other hand, it follows from (3.9) and Remark 3.11 that each p-periodic mild solution of (SNP ) satis es (4.1). Hence v is the only p-periodic mild solution of (SNP ).
Nonautonomous retarded differential equations
In this section we apply the results obtained for (INP ) to retarded di erential equations. Throughout the whole section Y is a xed Banach space. We consider the inhomogeneous nonautonomous retarded di erential equation . It is shown in 33] that A is a Hille-Yosida operator on X, and the C 0 -semigroup (T 0 (t)) t 0 generated by the part A 0 of A in X 0 = D(A) = f0g E is given by (T 0 (t) jE )(r) = (t + r) if t + r 0; S 0 (t + r) ( Theorem 5.6. If the evolution family (U B (t; s)) t s de ned by (5.1) is p-periodic and S 1 (U B (p; 0)), then for every h 2 AP(R; Y ) there is a unique mild solution w 2 AP(R; Y 0 ) of (RINP ) h . 16 Theorem 5.7. If the evolution family (U B (t; s)) t s de ned by (5.1) is p-periodic and 1 2 (U B (p; 0) ), then for every h 2 P p (R; Y ) there is a unique mild solution w 2 P p (R; Y 0 ) of (RINP ) h .
To give more concrete results we impose the following additional condition on the family Since 7 ! V K ( ; ?p) (0) is the unique mild solution of ( P) ?p; (0) , we obtain e p ( ) = V K ( ; ?p) (0), 2 ?p; 0]. In particular e p (0) = V K (0; ?p) (0), and the invertibility of e p Id ? V K (0; ?p) implies (0) = 0. Hence = e ? p V K ( ; ?p) (0) = 0. 18 As a concrete example we discuss the retarded di erential equation (E) @ @t w(t; x) = @ 2 @x 2 w(t; x) ? aw(t; x) ? b(t)w(t ? 1; x) + f(t; x); 0 x 2 ; t s; w(t; x) = '(t ? s; x); 0 x 2 ; s ? 1 t s; with initial value ' 2 C( ?1; 0] 0; 2 ]). We assume that a 2 R, b : R ! R is 1-periodic and locally integrable, and f : Since n 2 1, we obtain Re < 0 for each satisfying (5.10) for some n 2 f1; 2; 3; :::g if (a; b) is in the shaded region in Figure 2 .
For example, if a = ?1 and b = 3 , then all 2 C such that e 2 (U B (1; 0)) have negative real part. Hence (U B (t; s)) t s is exponentially stable and, in particular, has an exponential dichotomy. Note that in this case the semigroup (S 0 (t)) t 0 does not 
